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We show that the dipole-dipole coupling between Wannier modes in cigar-shaped Bose-Einstein
condensates (BECs) is significantly enhanced while the short-range coupling strongly suppressed. As
a result, the dipole-dipole interaction can become the dominant interaction between ultracold alkali
Bose atoms. In the long length limit of a cigar-shaped BEC, the resulting effective one-dimensional
models possess an effective inverse squared interacting potential, the Calogero-Sutherland potential,
which plays a fundamental role in many fields of contemporary physics; but its direct experimental
realization has been a challenge for a long time. We propose to realize the Calogero-Sutherland
model in ultracold alkali Bose atoms and study the effects of the dipole-dipole interaction.
PACS numbers: 67.85.Pq, 37.10.Jk, 11.30.Pb
I. INTRODUCTION
The quantum simulation of strongly correlated systems
with cold atoms and molecules is an advancing subject
in modern physics [1]. With precise control of system
parameters by external fields, the quantum simulation
becomes an ideal method to capture the key physics of
such formidable many-body systems. The first exam-
ple is the simulation, using boson atoms, of the Bose-
Hubbard model [1], the most basic and fundamental
model of strongly correlated electron materials that re-
mains to be better understood. Other examples of quan-
tum simulation include using fermion atoms to simulate
the fermionic Hubbard model [2], polar molecules and
Rydberg atoms to simulate various quantum spin and
more exotic quantum systems [3, 4].
Among the strongly correlated models of condensed
matter and many-body systems, there is an important
class of one-dimensional models with inverse-squared in-
teractions. The prototype of the latter is the celebrated
Calogero-Sutherland model [5, 6] that nowadays plays a
fundamental role in many branches of modern physics
[7, 8]. Besides its importance in theoretical and mathe-
matical physics, the Calorego-Sutherland type of models
are often applied to explain the physical phenomena in
fractional quantum Hall effects [9], quantum exclusion
statistics [10], black hole physics [11], quantum spin sys-
tems [12], and so on. It is of great interests to directly
simulate the Calorego-Sutherland model using ultracold
atoms. However, the inverse-squared interaction presents
a serious challenge for experimental realizations amid the
lack of a concrete proposal.
In this paper, we propose a possible realization of the
Calorego-Sutherland type of models by suppressing the
s-wave interaction while enhancing the dipole-dipole in-
teraction of cold alkali atoms on optical lattices. The
dipole-dipole interaction between cold particles [13] is the
basis for the cold polar molecular simulator and Rydberg
simulator. These cold particle gases usually have strong
dipolar couplings [4, 14–17]. For alkali atoms, the effect
of the dipole-dipole interaction was thought to be of neg-
ligible significance because the dipole-dipole coupling is
too weak compared to the s-wave scattering. However,
the cold alkali atom gases are much easier to be made
and manipulated, and are far more stable than the polar
molecule and dipolar atomic gases.
We study the effective interactions between the single
mode fluctuations in an array of cigar-shaped cold al-
kali atom Bose-Einstein condensates (BECs) which are
confined in a one-dimensional optical lattice [18, 19].
Remarkably, we find that the dipole-dipole interaction
in these systems reduces to an inverse-squared interac-
tion between the single modes with a significantly en-
hanced coupling strength proportional to the number of
atoms in a single BEC. Moreover, the s-wave scattering
is strongly reduced with the effective short-range interac-
tion strength scaling approximately as the inverse of the
number of atoms. As a result, in the limit where the sin-
gle BEC is long, the effective on-site interaction can be
neglected and the system is governed by the dominating
inverse-squared interaction, i.e., the Calorego-Sutherland
model. The material parameters of the alkali metals will
be considered for the feasibility of our proposal of a quan-
tum simulator of the Calorego-Sutherlandmodel to study
the dipole-dipole interactions.
This paper was organized as follows: In Sec. II, we
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FIG. 1: (color online) The array of cigar-shaped cold atom
clouds on an optical lattice. (a) The dipoles are polarized
along the x-direction. (b) The dipoles are polarized along
the z-direction. The yellow spots are the BEC substrate and
the black spots are the quasi-atom with the inverse-squared
interaction.
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FIG. 2: (color online) Cigar-shaped BEC (green) confined to
a cylinder. (a) The magnetic dipoles; (b) The electric dipoles.
The inserts indicate the directions of the dipoles.
setup the system we are considering and derive the ef-
fective single-band model. In Sec. III, we show that
why the inverse-square potential becomes dominant in
this system and study the dilute gas limit. The section
IV demonstrate the experimental implications. We con-
clude in Section V.
II. EFFECTIVE SINGLE-BAND MODEL
A. Setups of the system
We consider a cold Bose alkali atom cloud with a small
dipole moment (∼ 1µB). In the presence of a strong
z-direction confinement, the cloud has a pancake shape
trapped in the x-y plane with the trapping frequencies
ωx and ωy. The size of the system is therefore Lx,y =√
~/mωx,y. Using a periodic optical potential along the
x-direction, the pancake is incised into a lattice of cigar-
shaped gases. The frequency of the optical potential is
denoted as ωp, with the oscillator length satisfying ~ωp =
~. An applied external field parallel to the x-axes, or
perpendicular to the x-y plane polarizes all the dipoles
along the field direction as shown in Fig.1(a) and (b),
respectively. This setup is towards the Calogero model
[5].
Another setup follows from rolling the x-y plane to
form the surface of a cylinder as shown in Fig.2. This
geometry of the optical lattice is not yet realized. One
possibility is using the Laguerrer-Guassian laser beams,
which have been applied or proposed to build many pe-
riodic optical lattices, e.g., the circular lattice [23], the
ring lattice [24], and even a possible torical lattice [25].
However, there are many technical difficulties and com-
plication need to be engineered. It will not be the main
focus of this work. Sutherland’s periodic variant [6] can
be realized with this setup.
B. Derivation of an effective single-band model
We first focus on the setup shown in Fig. 1 and set
ωx = 0. The energy scale in the problem is
~ωy ≪ kBT ≪ ~ωp.
Thus, we are faced with a multi-band problem. Following
the two-step procedure proposed in [19], we aim to reduce
the multi-band problem to an effective single-band one.
First, we treat a single cigar-shaped gas on a given lattice
site. The lowest energy level is a BEC and higher levels
correspond to the thermal cloud. Denote on every site
the wave function of a whole cigar-shaped BEC Ψ0(y),
and the number of BEC atoms on each site N0. In ad-
dition, the condensate size is marked as Ry on each site.
The equation of state with only short-range interactions
has been solved exactly in the weak interaction limit [18].
It was shown that even in the presence of phase fluctu-
ations (collective modes), the atom number in a BEC
can be determined at any given temperature [19]. For
atoms carrying a dipole, in addition to the short-range
interaction, there is a dipole-dipole interaction potential
Vd(r, r
′) =
d · d′ − 3(d · Rˆ)(d′ · Rˆ)
R3
, (1)
where R = r− r′ and Rˆ = R/R; d and d′ are the dipole
moments of the atoms located at r and r′, respectively.
We consider all d to be parallel as shown in Fig. 1. The
Fourier components of the dipolar interacting potential
do not contain any singularity in momentum space other
than providing an anisotropic term. Therefore, for a cold
atom gas with weak dipolar interactions, this anisotropy
3does not cause a qualitative difference and we can con-
tinue to use the method given in Ref. [18] to solve the
equation of state and determine the atom number N0(T )
in a BEC.
The second step is to consider the coupling between
sites [19]. If ~ωy ≪ NyU0 ≪ ~ωp, where Ny is the aver-
age atom number in a cigar-shaped gas(including those
in thermal cloud) and U0 the on-site repulsion, the wave
function may be approximated by the product of the sin-
gle atom ground state wave function in the x-direction
and the cigar-shaped atom gas in the y direction. Notice
that because we have a BEC Ψ0(y) at every site and ob-
viously N0 . Ny, the coupling between the sites will be
dominated by tunneling from a BEC to a condensate as
opposed to a thermal cloud. As a result, this multi-band
problem can be reduced to a single band one [19], i.e.,
the field operator can be approximated by
ψ(r) ≈
∑
i
aiw(x − xi)Ψ0(y),
where the bosonic mode ai corresponds to annihilating a
quasi-atom mode described by the product of the Wan-
nier function w(x) and the cigar-shaped BEC wave func-
tion Ψ0(y). Under this approximation, we arrive at an
effective single band boson model with renormalized on-
site and renormalized dipole-dipole interactions [19].
III. THE LATTICE MODEL WITH
INVERSE-SQUARED INTERACTION
A. Inverse-squared Interaction
Keeping only the nearest neighbor hopping and ex-
panding the on-site energy to the second order near the
average occupation N0 [19, 20], we obtain the effective
single-band lattice model described by the Hamiltonian,
H = −
∑
〈ij〉
ta†iaj +
UR
2
∑
i
δni(δni − 1)
+
∑
i<j
Ud,ijδniδnj , (2)
where δni = a
†
iai−N0 is the deviation of the atom num-
ber from the average number per site; t is the nearest
neighbor hopping amplitude. We emphasize that here
the hopping ’particle’ is not the whole cigar-shaped BEC
as a ’giant particle’ but only the particle number variance
between the adjacent lattice sites. We define the original
bare on-site repulsion as
U0 =
4π~2a
m
∫
dxdydz|ψ0(z)|4|w(x)|4|ψ0(y)|4
where and a is the s-wave scattering length, ψ0(z) is
the perpendicular confined single particle wave function
and ψ0(y) is the single particle wave function in the y-
direction.
The renormalized on-site potential UR due to the con-
densation of atoms in the y-direction is not simply given
by replacing ψ0(y) in U0 by Ψ0(y), the condensate wave
function. Because the condensed wave function is spread
out by the on-site repulsion, UR is defined by [19]
UR =
∂2F
∂N20
, (3)
where F is on-site free energy given by [20]
F = FTF +
∫
dxw∗(x)(−~2 d
2
dx2
+ V (x))w(x). (4)
The Thomas-Fermi free energy FTH is the Gross-
Pitaevskii energy of the y-direction one-dimensional BEC
in which the dipole-dipole interaction within the single
BEC is considered.
The ratio between UR and U0 without dipole-dipole
interaction has been estimated in Ref. [19], UR = U0
lp
Ry
,
where Ry is the Thomas-Fermi radius of the cigar-shaped
BEC in the y-direction and lp is the lattice spacing under
the consistency condition
Ly/a≪ N0 ≪ (~ωp/~ωy)2
√
2πlp/a.
Hereafter, we set lp = 1 as the unit of length unless
stated explicitly. The bare on-site interaction is strongly
renormalized because the on-site wave function spreads
out the BEC wave function [19].
For alkali atoms we are studied, the bare dipole-dipole
interaction in a single cigar-like BEC is very weak com-
paring to U0. Therefore, we can take UR ∼ U0 lpRy as
a good approximation. The only change is the Thomas
-Fermi radius Ry which is determinted when the dipole-
dipole interaction between the atoms within the single
BEC is included.
The hopping amplitude t, as pointed out by Refs.
[19, 20], is almost not renormalized because the trans-
verse Wannier function w(x) is almost not affected by
the spread-out of the BEC wave function.
The last term in Eq. (2) is the renormalized dipolar
interaction potential between the fluctuating modes of
different cigar-like condensates (i < j). This is given by
Ud,ij =
∫
drdr′|w(x − xi)|2|w(x′ − xj)|2
Vd(r, r
′)|Ψ0(y)|2|Ψ0(y′)|2. (5)
Consider the case where the condensate size Ry is much
larger than the lattice size Lx, i.e. Ry ≫ Lx. We approx-
imate the BEC wave function by the average density of
atoms in a single BEC, |Ψ0(y)|2 ≈ N0/Ry. Under this
condition, it is easy to carry out the integration over y
and y′ and arrive at
Ud,ij ≈
∫
dxdx′|w(x − xi)|2|w(x′ − xj)|2 (6)
× GRy
(x − x′)2
√
(x− x′)2 +R2y
≈ G
(xi − xj)2 +O(
1
R2y
),
4where G = −2d2N20 /Ry for the setup shown Fig. 1(a)
and G = 2d2N20 /Ry for the setup in Fig. 1(b). Thus, we
have obtained a one-dimensional lattice model with on-
site and inverse-squared interactions between the single
modes in the ground state. The finite size effect of the
cigar-shaped BEC only contributes a negligible O(1/R2y)
correction. We observe that while the on-site coupling
constant in one dimension is reduced a factor lp/Ry, the
long range interacting coupling is renormalized by an ad-
ditional factor 2N20 besides the reduced factor lp/Ry. If
N20 ≫ Ry/lp, the latter can be remarkably enhanced.
B. Dominance of the renormalized dipole-dipole
interaction
The stability condition of a single BEC at a given site
is governed by the ratio of dipolar to on-site interactions
ǫdd = d
2/(3U0) < 1 [21], where d is the magnitude of
the dipole moment. For alkali metal atoms, d ∼ 1µB
and ǫdd ≪ 1. For example, ǫdd = 0.007 for 87Rb. In
the present context, while the renormalized on-site in-
teraction UR is reduced by a factor
lp
Ry
from U0 [19], our
results show that the effective dipole moment is enhanced
to dR = dN0 as shown in Eq. (6). Therefore, although
the bare ratio ǫdd ≪ 1, the renormalized on-site interac-
tion can be negligibly weak compared to the renormalized
dipole-diploe interaction in the effective one-dimensional
single-band model. Indeed, it is instructive to introduce
a renormalized ratio of dipolar and on-site interactions,
ǫdRdR = d
2
R/(3UR) = ǫddN
2
0Ry/lp. The latter that can
be much larger than unity. Assuming N0 ∼ 103 and
Ry/lp ∼ 103, we estimate that ǫdRdR & 106 for 87Rb.
C. Trapping potential in the x-direction
We have obtained a homogeneous lattice boson model
with inverse-squared interaction by neglecting the trap-
ping in the x-direction. Putting back the harmonic trap
with the frequency ωx may affect the atom number N0(x)
at each site. If the width of a single BEC is too wide,
the number of atoms per site may vary from site to site
and N0 in the center of trapping potential can be several
times that far away from the center. However, within a
cigar-shaped dipolar BEC, the dipole-dipole repulsion is
strong enough against increasing the width of the single
BEC at the trapping center. Therefore, the factorization
of the ground state wave function is still valid and N0
remains approximately a constant. The resulting inho-
mogeneous model is given by H in (2) augmented by an
additional term
∑
i Vh,iδni, where
Vh,i =
1
2
mω2x
∫
dx|w(x − xi)|2x2 (7)
is the harmonic trapping potential along the x-direction.
D. Dilute gas limit and the Calorego-Sutherland
model
Denoting the total fluctuations in the atom number as
δN =
∑
i δni. The fixed number of δN -particle system
may be described by a continuum model in the dilute gas
limit with δN/Lx ≪ 1, where the dispersion −t cosk/~ ∼
k2/(2mR) with the effective mass mR ∼ ~2/t. Dropping
the negligible on-site interaction as argued above, the
effective Hamiltonian reads
HCS =
δN∑
i=1
(
− ~
2
2mR
d2
dx2i
+
mRω
2
R
2
x2i
)
+
∑
i<j
G
|xij |2 , (8)
where xij = xj − xk and the effective trapping potential
is defined via mω2x = mRω
2
R. The model described by
the Hamiltonian (8) is precisely the celebrated Calorego-
Sutherland model [5, 6]. A bosonic “particle” at xi in this
continuum model corresponds to one more atom than N0
at site i in the lattice model. The ground state wave
function is given by
Ψ0,λ(x1, ..., xδN ) =
∏
1≤j<k≤δN
|xjk|λe−
mRωR
2~
∑
j
x2j (9)
with the ground state energy Eg =
1
2
δN~ωR(λ(δN −
1) + 1). Here, λ = λ± =
1±√1+4g
2
are the solutions of
the equation λ(λ − 1) = g = (mR/~2)G. For a weak
on-site interaction with U0/t < 1, g may vary as t. If
lp/Ry ∼ O(10−3), N0 ∼ O(103), U0/t ∼ O(10−1), the
absolute value of g is of the order unity. For example, for
the repulsive interacting 87Rb atoms, we estimate g ≈
0.021N20U0/tRy ∼ 2.1 [26]. The exact solution of the
Calorego-Sutherland model can now be utilized to make
predictions for the stability of the ultracold alkali atoms.
For the setups in Fig. 1(a), g < 0. If g < −1/4, λ
becomes imaginary. This leads to an imaginary ground
state energy and the system is unstable. However, when
−1/4 ≤ g < 0, the ground state is stable for 0 ≤ λ− <
1/2 despite of the attractive interaction.
For the setups in Fig. 1(b), g > 0. For − 1
2
< λ− < 0,
i.e, g < 3
4
, the wave function is still square integrable.
This implies that the system will also unstable if the re-
pulsion between particles is not strong enough. On the
other hand, for g > 3
4
, (9) with λ = λ− < − 12 is not a
physical solution because it is not square integrable. A
physically stable solution is given by (9) with λ = λ+.
We next consider the geometry in Fig. 2. In this geom-
etry, the cylinder extends along the y-direction and cir-
culates in the x-direction. For Ry ≫ Lx, one may prove
that, up to a constant term, the renormalized dipole-
dipole interaction is a periodic inverse-squared interac-
tion as in the Sutherland model [6]
V ≈ ±
∑
i6=j
π2λ(λ− 1)
L2x sin
2[πxij/Lx]
+O(
1
R2y
),
5where ± are corresponding to Fig. 2(a) and Fig. 2(b),
respectively. The similar but periodic solutions were ob-
tained by Sutherland [6].
IV. EXPERIMENTAL IMPLICATIONS
The first prediction on the effects of the dipole-dipole
interaction between the alkali atoms is unstable when
g < −1/4. The Calogero-Sutrherland gas collapses the
single modes to a single lattice site (a given single cigar-
shaped BEC) when g < −1/4 for the setups in Fig. 1(a)
and 2(a) and g < 3/4 for the setups of Figs. 1(b) and
2(b). Although in practice it is impossible that the lat-
tice gas collapses to a single site, this means the one-
dimensional lattice gas with dipole-dipole interaction be-
comes unstable to tend to the center of the lattice. We are
unable to estimate the details of the this tendency. The
time-of-flight experiments measure the momentum distri-
bution of the trapped cloud [22]. In these experiments,
the predicted tendency can be observed and regarded as
a ubiquitous evidence of the effect of the renormalized
dipole-dipole interaction.
A. Calculation of the momentum distribution
One can study these effects more quantitatively. For
example, one can consider the long wave length limit of
the Green’s function at a given time in the Sutherland
model, which is given by [27]
G(x, 0) ∝ 1 + 2
∞∑
ℓ=1
(−1)ℓBℓ cos 2ℓkFx|2kFx|2ℓ2/λ (10)
where Bℓ are regularization-dependent constants and
kF = πδN/Lx is the effective Fermi momentum. This
corresponds to the infinite mass or localized limit. The
momentum distribution is the Fourier transformation of
this Green’s function. For the lowest energy sector with
ℓ = 1, the momentum distribution in the small k and
large k limits are approximated by [27]
nk ∝ |k|λ/2−1 if |k| ≪ kF ,
∝ |k|−2λ−2 if |k| ≫ kF . (11)
We see that when λ < 2, the system is in a quasi-
condensed state. When λ > 2, the momentum distri-
bution vanishes as a power law for small k, which is
the Luttinger liquid behavior for bosons. At the crit-
ical point, λ = 2, a logarithmic divergence arises, i.e.,
nk = (1/2) ln(2kF /|k|) for |k| < 2kF and nk = 0 for
|k| ≥ 2kF [6]. These momentum distributions have been
shown in Ref. [27] and we display them schematically in
Fig. 3(a).
Eq. (11) calculated by the Sutherland model is also
valid for the Calogero model because the result is only
dependent on kF .
0
nk
k
(a)
l<2
l=2
l>2
vmt
u0t (b)
(c)
FIG. 3: (color online) (a) The schematic diagram of the mo-
mentum distribution. (b) The top-view of the time-of-flight
image. The grey area is the original cylinder. The yellow
regime only has very few atoms. Most of the atoms arrive at
time t in the red area and the green region describe the arrival
of those atoms with the momentum distribution in Eq. ( 11).
(c) The parabolic counterpart of (b).
B. Experimental proposal measuring nk
The projected density profile in the plane perpendicu-
lar to the y-axis directly reflects the momentum distribu-
tion nk since the momentum along the circle of the setup
Fig. 2 is a good quantum number. The quasi-condensate
is not easy to be distinguished from the case without the
dipolar interaction. However, for λ > 2, when we switch
off all traps but the inner wall of the cylinder, the cloud
along the radial direction expands much faster than that
along the axial and tangent directions because it is the
most squeezed along this direction owing to a larger zero
point energy. Denote u0 as the velocity of the radial mo-
tion of a single cigar-shaped cloud and vm as the fastest
velocity of the particles along the circle, the top view of
the cylinder during a time-of-flight experiment is shown
in Fig. 3(b). At time t after turning off the traps, most of
the background BEC atoms arrive at the red area while
the unconventional momentum distribution in Eq. (11)
can be measured by studying the atoms arriving in the
green region.
As the setup Fig. 2 is not realized in the existent
experiments, we would like to point out that the similar
measurement can also be done for the setup Fig. 1. As
6we augured, Eq. (11) still hold for the Calogero model.
Because of the existence of the trapping potential, the
time-of-flight process now has a parabolic profile instead
of the circular profile. (See Fig. 3(c). ) When all the
traps are removed, we add a potential above the z = 0
plane which plays the role of the inner wall potential in
Fig. 1 so that the atoms cannot fly upward. The speed
vm of the atoms flying to the green area is great than u0.
Therefore, the density profile in the green area reflects
the momentum distribution in Eq. (11) with |k| ≫ kF ,
i.e., nk ∝ |k|−2λ−2.
We note that although Eq. (11) provides qualita-
tively correct results, more quantitative description of
the experimental data can be obtained by calculating the
Green’s function (10) and the momentum distribution
(11) in terms of the lattice model (2).
V. CONCLUSIONS
In conclusion, we have shown that the dipole-dipole
interaction between the Wannier modes of cigar-shaped
BECs is strongly enhanced and governed by an inverse-
squared potential that dominates over the downward-
renormalized short-range interaction. Based on this find-
ing, we put forth a concrete proposal to use ultracold al-
kali atoms on optical lattices as a quantum simulator to
realize the celebrated Calorego-Sutherland model, which
in turn provides insights and predictions to help under-
stand the unconventional many-body effects in these sys-
tems.
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